Consider a strictly convex set Ω in the plane, and a homogeneous, stationary magnetic field orthogonal to the plane whose strength is B on the complement of Ω and 0 inside Ω. The trajectories of a charged particle in this setting are straight lines concatenated with circular arcs of Larmor radius µ. We examine the dynamics of such a particle and call this inverse magnetic billiards. Comparisons are made to standard Birkhoff billiards and magnetic billiards, as some theorems regarding inverse magnetic billiards are consistent with each of these billiard variants while others are not.
Introduction
Consider the classical motion of a particle of mass m and charge e in the plane.
Let Ω ⊂ R 2 denote a connected, strictly convex domain, and define a constant, homogeneous, stationary magnetic field orthogonal to the plane which has strength B on R 2 \Ω and 0 on Ω. As such, the equations of motion for the particle of position q and velocity v are as follows:
The solution to this initial value problem are continuous curves which are circular arcs outside Ω and straight lines inside Ω. The circular arcs will have Larmor radius µ = m|v| |eB| , and speed |q| and energy E are constants of motion. Without loss of generality we assume e < 0 and B > 0 so that the motion along the circular arcs will be traversed in the counterclockwise direction.
Following the construction in [2] , suppose the boundary ∂Ω is C k with k ≥ 3 and total length |∂Ω| = L. The boundary ∂Ω = Image(Γ(s)) will be parametrized by arc length, s: so that τ (s) is the polar angle between the positive x-axis and t(s), and ρ(s) is the radius of curvature. Because Ω is strictly convex the curvature of the boundary is strictly positive and ρ(s) is bounded by positive constants, 0 < ρ min ≤ ρ(s) ≤ ρ max < ∞ for all s. Following the lead of [19] , we will explore the dynamics of our system in terms of the relative sizes of the Larmor radius µ and the maximum and minimum radii of curvature of ∂Ω. We will refer to these possibilities µ < ρ min , ρ min < µ < ρ max , ρ max < µ as curvature regimes. The billiard flow is hence given by the Lagrangian L(q,q) = 1 2 m|q| 2 + e q, A(q) , A(q) = 1 2 (−yB Ω (q), xB Ω (q)) = 1 2
B Ω (q)Jq where ·, · is the standard Euclidean inner product. We call this dynamical system inverse magnetic billiards, following the naming by [22] .
Electron dynamics in piecewise-constant magnetic fields are studied in [4] , [9] , [10] , [18] , [20] , [21] , and [22] . Classical, semiclassical, and quantum approaches to this system are each addressed to a degree -occasionally in compact subsets and sometimes in unbounded regions -but none are in-depth mathematically to the extent of [2] with respect to magnetic billiards, for example. This paper is strongly influenced by the work of Berglund and Kunz in [2] , and is organized as follows. Section 2 gives a thorough description of the billiard flow and describes its motion through a return map T . An exact expression is given for the Jacobian DT . The map T is sometimes a twist map and admits a generating function G, which is given explicitly in section 3. In section 4 we address the existence of periodic orbits using G. Some calculations are made in section 5 that are specific to the ellipse. Section 6 details the existence and nonexistence of caustics using approaches similar to Mather, Berglund, and Kunz.
Constructing the return map
As the particle moves, it successively leaves and re-enters Ω at the points P 0 , P 1 , P 2 , P 3 . . . ∈ ∂Ω. Index these points so that points with even index P 0 , P 2 , P 4 , . . . are re-entry points and points P 1 , P 3 , P 5 , . . . of odd index are exit points. Express the oriented line segment P 0 P 1 joining each entry point to its successive exit point as a vector 1 v 0 = P 1 − P 0 where v 0 is the unit vector representing the direction of motion of the particle while it travels inside Ω from P 0 to P 1 and where 1 = |P 0 P 1 | is the chord distance it travels.
The entire dynamics is summarized by the map T : M → M which takes (P 0 , v 0 ) to (P 2 , v 2 ), sending reentry point and direction to successive re-entry point and direction. The phase space M of the map T consists of unit vectors (P i , v i ) whose base points P are on ∂Ω with inward direction v. We call this map the return map and will express it in terms of the Birkhoff coordinates used in standard billiards. Coordinatize P 0 by its arc length parameter s 0 and the vector v 0 by the negative cosine of the angle θ 0 between the tangent to Γ at P 0 and this vector. Writing u i = − cos(θ i ) we call (s i , u i ) the Birkhoff coordinates of the trajectory as it exits or re-enters Ω at P i .
The phase space M can be identified with the annulus P = R/LZ × [−1, 1] ∼ = S 1 × [−1, 1], the return map T can then be written as a map T : P → P, (s 2i , u 2i ) → (s 2i+2 , u 2i+2 ) so that T is a smooth map of the closed annulus, P. Further, the restriction T | ∂P = Id P , where the boundary ∂P of P is the usual boundary of P, namely 
At times it may be easier to work with T as a map in terms of (s i , θ i ). In particular, we will compute Taylor expansions of T in section 6 in terms of s and θ. With this interpretation, we see the inverse magnetic billiard as a discrete dynamical system.
By construction define i = |P i−1 P i | for integers i. Define A 2i,2i+2 to be the area between chord P 2i+1 P 2i+2 and Γ(s) that is also inside the Larmor circle, and let γ 2i,2i+2 be the circular arc of Larmor radius µ that is outside Ω. Let S 2i,2i+2 be the area within the circular arc γ 2i,2i+2 and outside Ω. Define χ 2i,2i+2 to be the angle measured counterclockwise from Figure 1 for the case when i = 0. Remark 1. For notational simplicity, we now omit the subscripts 2i, 2i+2, assume i = 0, and recognize each of the described quantities below are associated to a single iteration of the return map T and its realized trajectory.
Consider the magnetic arc, γ. Let the angle of such an arc be ψ, ε = 2π − ψ, δ is the angle between the chord P 1 P 2 and the radius of the arc connecting each of P 1 and P 2 to the center of γ. See Figure 2a . From the definition of these angles and elementary geometry we find that ψ = 2χ and sin(χ) = .
It is important to note that there may be two trajectories with supplementary χ for a given chord length 2 . This is a characteristic effect of magnetic billiards. See Figure 2b for such an example. We decompose T into its two distinct pieces. Define the map T 1 : (s 0 , u 0 ) → (s 1 , u 1 ) as the analogue to the standard billiard map. The map T 2 : (s 1 , u 1 ) → (s 2 , u 2 ) is the particle moving from P 1 along the circular arc γ of Larmor radius µ until intersecting ∂Ω again at P 2 . Thus T = T 2 • T 1 . have components
Furthermore, det(DT 1 ) = 1 and det(DT 2 ) = 1.
The details of this proof are given in Appendix A. The components of DT 1 are well-known while the components of DT 2 are analogous to those found in Proposition 1 of [2] . Figure 3 . The behavior of the return map for fixed s 0 and varying u 0 when µ < ρ min . Also shown are the Larmor centers and points P 1 , P 2 for each corresponding value of u 0 .
. Furthermore, det(DT ) = 1.
From this we conclude that T is an area-and orientation-preserving map of the annulus P and that the Birkhoff coordinates are conjugate. Just as with Birkhoff and magnetic billiards, the map T preserves the symplectic area-form ds ∧ du = sin(θ)ds ∧ dθ on P.
Generating Functions and Twist Maps
Twist maps have been studied extensively ( [7] , [14] , [15] ) in the context of dynamics and symplectic geometry. Let f be a symplectic map from the annulus R/Z × R to itself. To be a monotone twist map, the lift of f to its universal cover f must satisfy the following properties, where (x , y ) = f (x, y):
i) f (x + 1, y) =f (x, y) + (1, 0); ii) ∂x ∂y > 0 (twist condition);
iii) f admits a periodic exact symplectic map G called a generating function:
Alternately we may say y = ∂G ∂x and y = − ∂G ∂x .
In Birkhoff billiards, the billiard map is always a monotone twist map whose generating function is the negative of the Euclidean (chord) distance between successive collisions with the boundary. In the magnetic billiard setting, the magnetic billiard map is not always twist, but when it is the generating function also depends upon the area associated with an arc of a given trajectory which appears as a flux term. It is not surprising that in this problem that has elements of both standard and magnetic billiards, that our generating function contains a combination of these elements.
To better understand when the return map T is a twist map, we turn to the following theorem which we prove in Appendix B.
Theorem 1. Let Γ(s) = ∂Ω be of class C k , k ≥ 3, and let ρ min be the minimum radius of curvature of the strictly convex boundary curve Γ(s). Then if µ < ρ min then T is a twist map whose unique generating function (up to an additive constant) is given by
where 1 is the length of the line segment inside Ω, |γ| is the length of the circular arc γ of Larmor radius µ, and S is the area inside the circular arc γ but outside Ω.
Remark 2. This generating function need not be unique. But in general we can think of the generating function as the reduced action along a solution ν to the Euler Lagrange equations which connects P 0 to P 2 . See [1] and [2] .
An interesting property of this generating function (and this problem in general) is as follows: In the high magnetic field limit (i.e. µ → 0), both |γ| → 0 and 1 µ S → 0. This is because |γ| = O(µ) and S = O(µ 2 ). So as µ → 0, our generating function approaches the standard billiard generating function, and our return map approaches the standard billiard map for billiards inside a convex set.
We can decompose G into non-magnetic and magnetic parts,
Here Area(A ∪ S) is the area of A ∪ S, E(s 0 , s 2 ) has quantities 1 and A which are not directly dependent upon the magnetic field, and F µ is dependent upon the magnetic field and can be written as
We can also write F µ as a function of 2 , though with caveats: 
Periodic Orbits
The study of periodic orbits and their properties is a fundamental part of any dynamical system. In billiards, Birkhoff used Poincaré's last geometric theorem to show the existence of infinitely many distinct orbits ( [3] ). One way to distinguish distinct periodic orbits from one another is by the rotation number. The rotation number of a periodic orbit is the rational number m n = winding number minimal period
where the winding number m > 1 is computed with respect to the orientation of ∂Ω induced by the parametrization Γ(s). A periodic orbit with rotation number m n is sometimes referred to as having frequency (m, n).
A continuous orientation-preserving homeomorphism of the circle S 1 to itself has a well-defined rotation number, defined modulo 1, when the circle is normalized to have perimeter 1. When a lift to R of this homeomorphism is chosen, this rotation number is now a real number. By the definition of a twist map, T sends boundary circles to boundary circles, so the lifted homeomorphism has a bottom and top rotation number, ω − and ω + . Then the rotation numbers belong to an interval
In particular, if the map is the identity on the boundary circles then necessarily ω − , ω + ∈ Z.
With this idea in mind, we can extend our definition of rotation number of the orbit {(s 2k , u 2k )} k∈Z to include irrational numbers by writing
provided this limit exists. We note that in the context of Birkhoff billiards and inverse magnetic billiards, this definition agrees with the geometric definition in terms of winding number given above.
One particularly useful application of a generating function is in the search of periodic orbits. We will denote the lift of the return map T as T . Theorems about the existence of periodic orbits for continuous area-preserving twist maps can be attributed to Poincaré and Birkhoff, Aubry, Mather, and Meiss and MacKay. These theorems describe the existence of (m, n) periodic orbits that are "maximizing" and "maximin" when considering the quantity l−1 j=k G(s 2j , s 2j+2 ) along with characterizations of irrational ω ∈ I( T ) and their relationship to quasiperiodic orbits. See, for example, [15] or the summary from section 4 of [2] for more details.
We take a similar approach below, and can apply the theorems Poincaré, Birkhoff, Aubry, and Mather to the map T while making qualitative comments about the behavior of T . Therefore
then the map may be discontinuous due to the Larmor circle becoming tangent to the boundary. The function s 2 (s 0 , u 0 ) is not necessarily monotonic in u 0 and is not a twist map (see Figure 5c ). It is still true that lim u0→1 T (s 0 , u 0 ) = (s 0 , u 0 ), but not necessarily when u 0 → −1.
(3) If ρ max < µ, then s 2 (s 0 , u 0 ) is initially decreasing in u 0 and then begins to increase again (see Figure 5e ). We still have lim
which implies that there are exactly two distinct trajectories with equal χ for a given s 0 , s 2 .
This proposition is very similar to the qualitative behavior of magnetic billiards (c.f. section 5.1 of [2] ). In particular, part (1) tells us that for any convex set with smooth boundary and nonvanishing curvature, periodic orbits of every rational frequency ω = m n exist, and the earlier summary gives us information about rational and irrational orbits in I( T ).
When ∂Ω is an Ellipse
We take a quick detour and consider the case when ∂Ω is an ellipse. Consider the parametrization of ∂Ω as
Without loss of generality we may assume that the parameter λ ≥ 1. In such a case, ρ min = λ −1 . Consider the points P i = x(φ i ), i = 0, 1, 2.
Assuming then that µ < ρ min , an important geometric consequence is that φ 2 − φ 1 < π, which simplifies the calculation below. Then T is a twist map and
In the case that Ω is the unit disk (λ = 1), we see that C = 1 and hence φ 2 − φ 0 = 2χ. Another geometric observation is that θ i = θ and χ are both constant, and hence u i = u is constant. This is because the the diagram in Figure  ( 1 is symmetric about the line connecting the center of Ω and the center of the circular arc. This in turn implies that all of our geometric quantities, 1 , 2 , |γ|, and S are constant as they only depend upon θ and χ. Using the elementary geometry of a circle-circle intersection,
and the return map is explicitly
It is clear that since θ is constant, u is a constant of motion and the system is integrable (in the sense of Liouville). Further, the simplicity of the return map in the circular case allows us to find periodic orbits directly. Since
Therefore a periodic orbit will have rotation number m/n if and only if χ = mπ/n.
6.
Existence and Nonexistence of Caustics 6.1. Preliminary Results. In both standard and magnetic billiards, the question of the existence of caustics has been addressed by Lazutkin [12] , Berglund and Kunz [2] , Moser [16] , [17] , and more in several variants of the standard billiard problem. Trajectories with caustics (the "whispering gallery modes") correspond to invariant curves (a homotopically nontrivial curve) in phase space. Lazutkin had to assume a high degree of differentiability of the boundary in order to guarantee the existence of caustics, though this was later reduced to degree 6 by Douady [5] .
Due to the nature of inverse magnetic billiards problem, we call a smooth closed convex curve in Ω with the property that each trajectory that is tangent to it stays tangent to it after each successive reentry an inner convex caustic. An analogous definition holds for outer caustics which contain Ω.
For example, in a circle of radius R, elementary geometry shows that all trajectories of the inverse magnetic billiard have both inner and outer caustics that are circles of radii r inner = R| cos(θ 0 )| = R|u 0 | and r outer = µ + R 2 + µ 2 − 2Rµ cos(θ 0 ), respectively. All of the trajectories in Figure 6 have both inner and outer circular caustics.
Our first result in this regard is an inverse magnetic version of Mather's theorem ( [13] , [14] ): If a billiard table with a smooth convex boundary curve has a point of vanishing curvature, then the billiard inside the curve has no caustics. Theorem 2. If the boundary of the billiard table ∂Ω has a point of vanishing curvature and µ < ρ min , the inverse magnetic billiard has no interior caustics.
Proof. By Birkhoff's Theorem ( [3] ), an invariant curve of an area-preserving twist map is a graph of some function. If our billiard has a caustic, then we have a one-parameter family of chords P 0 P 1 to Γ corresponding to points on the invariant curve. The graph property of Birkhoff's Theorem implies that if P * 0 P * 1 is a nearby chord such that P * 0 has moved along Γ in the positive direction from P 0 then P * 1 has
(e) (f) Figure 6 . Periodic orbits of period 9 in the unit circle with µ < ρ min : (a) (1, 9) orbit; (b) (2, 9) orbit; (c) (4, 9) orbit; (d) (5, 9) orbit; (e) (7, 9) orbit; (f) (8, 9) orbit. The dots along the circle are the points P i while the other dots are the centers of the Larmor arcs.
moved in the positive direction from P 1 on Γ. These chords must intersect in the interior of Γ, and by the existence of the caustic, must be tangent to the caustic. Assume an interior caustic Γ exists. The billiard portion of a trajectory forms a chord P 0 P 1 tangent to the caustic, moves along its magnetic arc, and reenters Ω to form the next chord P 2 , P 3 , also tangent to the caustic. Suppose the curvature Γ as P 2 vanishes. Consider an infinitesimally close chord P * 0 P * 1 , tangent to the same caustic, as described earlier, along with its next chord P * 2 P * 3 . Since the curvature at P 2 vanishes, the tangent line at P * 2 is, in the linear approximation, the same as the one at P 2 . Let θ 2 and θ * 2 be the angle between the linear approximation and the chords P 2 P 3 and P * 2 P * 3 , respectively. There are three geometrically distinct cases. If χ < π 2 , then θ 2 > θ * 2 , and so the chords P 2 P 3 and P * 2 P * 3 will not intersect in the interior of Γ, a contradiction. See Figure 7 . Similarly, if χ > π 2 , θ 2 > θ * 2 . And if χ = π 2 , then the chords P 2 P 3 and P * 2 P * 3 are parallel and will not intersect. To better understand the nature of caustics in this inverse magnetic billiard setting, we seek to understand the maps T 1 and T 2 near the boundary, as they show qualitatively different behavior. We also make the adjustment to the maps T , T 1 , and T 2 so they are defined on the annulus R/LZ × [0, π] so the second variable is θ i instead of u i .
Lazutkin produced a well-known calculation of the Taylor expansion of the billiard map T 1 up to fourth order in θ ( [12] ) and Berglund and Kunz calculate the Taylor expansion of the inner magnetic billiard map T * 2 up to first order in θ ( [2] ). While Lazutkin proved the existence of a positive measure set of caustics sufficiently close to the boundary, Berglund and Kunz show the existence of caustics in inner magnetic billiards for three special cases by citing a version of the KAM theorems ([17], [5] ).
6.2.
Mimicking the Approach of Berglund and Kunz. We can investigate the behavior of the outer magnetic billiard map T 2 using the same techniques in [2] , and ultimately learn about T . For a nonzero magnetic field near the boundary, we will be able to apply KAM theorems to show the existence of invariant curves.
By adapting the proof of the Taylor expansion of the inner magnetic billiard map T * 2 in section 5.2 of [2] to the outer magnetic billiard map T 2 , we arrive at a similar expression. Coefficients are also calculated in appendix C directly. We state this result in the following proposition.
Proposition 3. If the boundary ∂Ω is C k , the outer magnetic billiard map T 2 is C k−1 for small sin(θ 1 ) and has the form
Therefore, near u = −1, the map is of the form
and near u = 1, writing θ i = π − η i the map is of the form
We must be cautious as there are two properties we must check with regards to the map above. First, the map must be well-defined (i.e. the denominators may not vanish). This is only an issue when θ 1. The second is that the outer magnetic billiard map must denote the correct intersection of the magnetic arc with the boundary of our billiard table. This is only an issue if a magnetic arc intersects the boundary in more than two places. Definition 1. A closed C k , k ≥ 2, planar curve Γ is said to have the µ-intersection property for some µ > 0 if any circle of radius µ intersects Γ at most twice.
However, a sufficient condition for the µ-intersection property to be satisfied is for either µ < ρ min or ρ max < µ (Corollary to Lemma 3 in Appendix D of [2] ). When satisfied, there is a one-to-one correspondence between inner magnetic billiard trajectories and outer magnetic billiard trajectories: For every outer magnetic arc there is a "dual trajectory" that is the complementary arc which completes the Larmor circle. This complementary arc can be interpreted as an inner magnetic billiard map with no change to our magnetic field convention. See Figure 8 .
Therefore determining the correct intersection point from our map is only an issue when ρ min < µ < ρ max , as a Larmor circle in this case may intersect ∂Ω in more than two places.
If we consider the three curvature regimes, we notice the following:
(1) If µ < ρ min , then µκ(s) ≤ µκ max < 1, so 0 < 1 − µκ(s) for all s;
(2) If ρ min < µ < ρ max , then κmin κmax < µκ min < 1 < µκ max < κmax κmin ; (3) If ρ max < µ, then 1 < κ min µ ≤ κ(s)µ, so 1 − µκ(s) < 0 for all s. The denominators of the coefficients in the theorem above are well-defined in cases (1) and (3), but potentially not defined in case (2) . Figure 8 . The duality of the magnetic billiard map: every inner magnetic billiard trajectory has a corresponding outer magnetic billiard trajectory, provided the µ-intersection property is satisfied.
where we have omitted the dependence upon s i and that κ i := κ(s i ) ≈ κ(s i+1 ).
For θ i = π − η i with η i near 0, the map T admits the Taylor expansion
An outline of the proof is given in appendix C. First we observe that both versions of this map are not well-defined if the curvature is allowed to vanish, which is consistent with our version of Mather's result. Further, consider the two limiting cases of µ: if µ → ∞, the map T limits to s 2 = s 0 + O(θ 2 0 ), and θ 2 = θ 0 + O(θ 2 0 ) which the identity map to first order; And if µ → 0 + , the map T limits to s 2 = s 0 + 2 κ0 θ 0 + O(θ 2 0 ), which is the standard billiard map to first order. This is consistent with the geometric observations via the generating function in Section 3.
We may now make comments about the maps above in the style of [2] .
(1) Near u = −1, the map T has the form
We have already observed that the denominator will not vanish in two cases:
• If µ < ρ min , then we make the change of variables ϕ i = s i − µτ i and r i = 2ρ i θ i to make the map of the form
This corresponds to the correct intersection of the magnetic arc with the boundary, as this trajectory corresponds to a small billiard chord forward plus a small skip forward along the boundary from the outside. • If ρ max < µ, then we make the change of variables ϕ i = µτ i − s i and r i = 2ρ i θ i to make the map of the form
. Again, this is the correct intersection with the boundary, because a large magnetic arc will reenter Ω "behind" its exit point.
(2) Near u = 1, the map T has the form
Observe that the denominator can never vanish, so this approximation is valid for all three curvature regimes. Moreover, this map can be understood as a short interior billiard chord backwards followed by most of a circular magnetic arc forwards, ultimately resulting in traveling a small distance backwards. The change of variables ϕ i = s i + µτ i and r i = 2ρ i η i turns the map into
. Each of these three maps can be interpreted via KAM theorems ( [5] , pg. III-8 or [17] pg. 52), and to do so we want to briefly define a relevant condition. Definition 2. Let σ ∈ R. We say σ satisfies the Diophantine condition if for every p q ∈ Q, there exists γ, ν ∈ R + such that
Theorem 3. Consider the inverse magnetic billiard in a strictly convex set Ω with C k boundary, k ≥ 6. Consider the following cases:
(1) if 0 < µ < ρ min , define ζ = θ, M = L − 2πµ, and λ = 1;
Then there exists > 0 depending upon µ and k with the following significance: if ω ∈ [0, ) and satisfies the Diophantine condition, then there is an invariant curve of the form
The induced map on this curve has the form ξ → ξ + λω. Similarly to the case of inner magnetic billiards, our theorem confirms the existence of invariant curves in three cases (see Figure 9 ):
(1) Near u = −1, θ ≈ 0 in a strong magnetic field, µ < ρ min . These correspond to short billiard chords plus short magnetic arcs, keeping the particle's trajectory near the boundary. (2) Near u = −1, θ ≈ 0 in a weak magnetic field, ρ max < µ < ∞. These correspond to short billiard chords followed by long magnetic arcs encompassing Ω and reentering behind the original starting point, still near the boundary. (3) Near u = 1, θ ≈ π for all values of the magnetic field. These correspond to backwards billiard chords followed by most of a magnetic arc, reentering close to the starting point and staying near the boundary.
This approach does not give us any indication of the behavior of the map for the intermediate curvature regime, ρ min < µ < ρ max near u = −1. While numerically we do not observe any invariant curves in this region in this case, we do not have definitive proof. This is also the case in inner magnetic billiards. Moreover, our theorem also indicates that provided we have a sufficiently smooth strictly convex boundary (at least C 6 ), inverse magnetic billiards are not ergodic.
Conclusions and Next Steps
We have found that inverse magnetic billiards shares some similarities with standard and magnetic billiards while also showing concrete differences. The influence of the magnetic field on the dynamics is significant, and we have clearly seen that inverse magnetic billiards is a nontrivial perturbation of the standard billiard.
The behavior of inverse magnetic billiards in the regimes ρ min < µ < ρ max and ρ max < µ are not well understood at this time. For example, numerical simulations seem to show the existence of a C 0 caustic comprised of piecewise C 1 curves. Of further interest is the locus of the centers of the Larmor circles in such a case, as sometimes these centers appear to lie on a smooth simple closed curve with two axes of symmetry. See Figure 10 .
Another aspect of inverse magnetic billiards that has not been studied is the existence of outer caustics. Figures 6, 9 , 10 all show the existence of caustics outside of Ω, and this phenomena is certainly worth investigating.
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the polar angle between the positive x-axis and the segment P 1 P 2 . Near P 1 we see that τ 1 −θ 1 = α 1 −χ. A similar picture centered on P 2 tells us that τ 2 = α 1 +χ−θ 2 . This leads to the following equations:
By construction, we have
These equations imply
.
Next, we differentiate the angle formulas for θ 1 , θ 2 with respect to s 1 to get
Repeating this process again but with respect to s 2 yields
The above quantities determine dθ 1 and dθ 2 as a function of ds 1 and ds 2 . Solve this linear system for ds 2 and dθ 2 in terms of ds 1 and dθ 1 . Lastly, writing du i = sin(θ i )dθ i we obtain the components of DT 2 .
Appendix B. Proof of Theorem 1
The proof that T satisfies the twist condition ∂s2 ∂u0 > 0 whenever µ < ρ min is a small exercise in geometry and trigonometry. The full proof can be found in the appendices of [6] .
Next, we derive our expression for the generating function. Following the proof from [2] , we take our generating function G(s 0 , s 2 ) = − 1 − |γ| + 1 µ S and break it into a magnetic field-dependent component and a magnetic fieldindependent component. Recall the notation used in Figure 1 , and we proceed without the "0, 2" subscripts. Write S = Area(A ∪ S) − A and Area(A ∪ S) to mean the area inside the circular arc γ cut by the chord P 1 P 2 . Then G(s 0 , s 2 ) = − 1 − 1 µ A + −|γ| + 1 µ Area(A ∪ S) .
From elementary geometry, we see that And the calculation of the other partial derivative is simple since all factors of G except for 1 do not depend upon s 0 . This is just the calculation from the standard billiard map, so ∂G ∂s0 = −u 0 . Hence G(s 0 , s 2 ) = − 1 − |γ| + 1 µ S is the generating function.
Appendix C. Proof of Proposition 4
Proof. We compute the coefficients in the Taylor expansion of the map T 2 and hence for T . Omitting the dependence on s, these terms are ∂s 2 ∂θ 1 (s, 0) = 2µ 1 − µκ ∂s 2 ∂θ 1 (s, π) = − 2µ 1 + µκ ∂θ 2 ∂θ 1 (s, 0) = 1 ∂θ 2 ∂θ 1 (s, π) = 1 ∂s 2 ∂θ 0 (s, 0) = 2 κ(1 − µκ) ∂s 2 ∂θ 0 (s, π) = 2 κ(1 + µκ) ∂θ 2 ∂θ 0 (s, 0) = 1. ∂θ 2 ∂θ 0 (s, π) = 1.
First we compute ∂s2 ∂θ1 (s 1 , θ 1 ) near θ 1 = 0. Using the approximations χ ≈ χ * (θ 1 ) from the previous appendix and applying the l'Hopital rule in the second equality, we get L := lim where c = ρ1 ρ1−µ = 1 1−µκ1 . This tells us that
It follows from the convexity of Γ(s) and [8] (Theorem 4.3 in Part V) that L < ∞, so L = 0 or L = 2c−2 κ1 . We wish to show that L > 0. Consider the osculating circle O Γ (s 2 ) at Γ(s 2 ) with radius ρ 2 . Then via elementary geometry, the length of the chord 2 that is inside O Γ (s 2 ) is exactly 2ρ 2 sin(θ 2 ). Therefore 2 ≥ 2ρ 2 sin(θ 2 ), and so L ≥ 2 cos(χ)ρ min > 0.
This means L = ∂s2 ∂θ1 (s, 0) = 2c−2 κ1 = 2µ 1−µκ1 .
Next, we see that
Using these two computations, one can use expressions for ∂s2 ∂θ0 and ∂θ2 ∂θ0 to derive the expressions near 0 from the summary. Repeating analogous calculations near π produces the expressions in the summary above.
